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ABSTRAK 

Oalam kertas kerja ini, kaedah Runge Kutta peringkat ke-4 dan kaedah Adam 

Bashforth peringkat ke-2 telah digunakan dalam penyelesaian masalah system 

dinamik secara tak linear. Oalam kajian ini, bandul Froude telah digunakan. 

Perbandingan antara kaedah Runge Kutta peringkat ke-4 dengan kaedah Adam 

Bashforth telah dijalankan untuk menjelaskan keberkesanan antara kedua-dua kaedah 

dalam pencapaian keputusan yang jitu. Saiz langkah yang berbeza digunakan dalam 

kertas kerja. Oi samping itu, penggunaan bahasa C dalam computer akan dijalankan. 

Oaripada hasil kajian, keputusan daripada kaedah Runge Kutta peringkat ke-4(ERK4) 

adalah lebih tepat berbanding dengan kaedah Adam Bashforth peringkat ke-2(EAB2). 
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ABSTRACT 

In this dissertation, the Fourth Order Explicit Runge Kutta method (ERK4) and 

Second Order Explicit Adam Bashforth method (EAB2) are implemented in solving 

nonlinear dynamic system such as the Froude pendulum. Comparisons between ERK4 

method and EAB2 method will be made to clarify the effectiveness of these two 

methods to achieve accuracy. Different step sizes are also considered in this 

dissertation. Besides, a C-Ianguage based program will be implemented. From the 

obtained results, Fourth Order Explicit Runge Kutta Method (ERK4) is found to be 

more accurate than Second Order Explicit Adam Bashforth Method (EAB2). 
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CHAPTER 1 

INTRODUCTION 

1.1 Introduction of Ordinary Differential Equation 

Differential equation is a type of equation which is expressed in tenns of unknown 

function of several variables that relates the values of the function itself and their 

derivative. Differential equations commonly have been applied in engineering, 

physics, economics, and chemistry (Dormand, J 996). 

For example, the mathematical models implement the fundamental scientific 

laws of physics which include principle of conservation of linear momentum, 

principle of conservation of mass, and principal of conservation of energy in the tenn 

of differential equation (Reddy, 2004). 

If a solution for a given differential equation is not readily available, the 

numerical methods are considered to detennine the exact form. By using numerical 

method, this method can compute a solution of accuracy to the differential equation 

over of period of time as well as solving many practical problems of science and 
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engineering. A well-known example is simple pendulum which based on the principle 

of conservation of linear momentum (e.g. Newton's second law of motion) to 

determine the motion of pendulum (Dormand, 1996; Reddy, 2004) 

There are many numerical methods for solving ordinary differential equations 

(ODEs). These methods are usually categoried as one-step and multistep methods. 

One of the explicit one-step methods is Runge-Kutta methods. On the other hand, the 

multistep methods include implicit Adam-Moulton, explicit Adam-Bashforth and 

Predictor-corrector methods. The approach that used by one-step method is totally 

different as compared to multistep methods. One-step methods use the solution at a 

single initial point to get an approximation to the solution of next point. Multistep 

methods use the sequence of previous solution and derivative values (Dormand, 

1996). 

There are five types of differential equation; ordinary difference equation, 

partial difference equation, delay differential equation, stochastic differential equation, 

and differential algebraic equation. Each of these categories lead to linear and 

nonlinear system. A differential equation is considered to be linear when the 

dependent variable and its derivatives occur only to the power one and there are no 

functions for dependent variable. Otherwise the particular differential equation is 

considered as nonlinear equation (Wikipedia, 2007a; Dormand, 1996). 

Regarding the history of differential equation, Leonhard Euler who also 

invented Euler's method introduced the theory of differential equations in the year 

1768. In the year 1824, Augustin Louis Cauchy used implicit Euler method to prove 
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convergence of Euler method. John Couch Adams was the first person who designed 

the multistep method in 1855. After 40 years in 1895, Carle Runge introduced the 

first Runge-Kutta method. In 1905, Martin Kutta developed the fourth order Runge-

Kutta method. During the year of 1910, Lewis Fry Richardson introduced hi s 

extrapolation method (Wikipedia, 2007b). 

1.2 Nonlinear Dynamic System 

Dynamic system is the behavior of one or more particles that modelled by differential 

equation with initial condition. The behaviour of dynamic system such as velocity, 

position and acceleration. The equation of motion for Froude pendulum is shown as 

follow: (De Jong, 1991). 

d
2
e de I ( de)3 1- , + (c +M'(n)) - +mglsine+-M'"(n) - =M(D.) 

dr dt 6 dt 
(1.1 ) 

with initial condition: e(o) = 0 . 

From the Froude pendulum in equation (1.1), it can be found that it is 

nonlinear dynamic system because the differential equations involve non-linear terms 

like sin e and ( ~~r. The restoring force of the pendulum that is mgl sin e where e 

is the angle of displacement. If the angle of displacement is smaller than 15° , the sin 

e is just approximated with simply e. On the contrary, approximation of sin e is 

inaccurate and it is considered as nonlinear system if the angle is larger than 15° 

(Davidson, 2005). 
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Nonlinear systems seem to provide real natural systems unlike linear systems 

that make simple equations and behaviour of simple system such as simple pendulum 

in phase space. Mostly, there are some factors often vary in nonlinear system such as 

friction forces, damping elements, resistive elements in circuits. It seems that the 

solution of nonlinear system is very messy if comparing with linear system. The 

analytic solution to these systems are difficult to be obtained due to the exponential 

increase error in measurement when the system progresses. As a result, numerical 

method can only be applied to solve nonlinear system (Davidson, 2005). 

1.3 Froude Pendulum 

Froude ' s pendulum is a classical dynamic system that generates self-oscillations in a 

mechanical system with friction. The shaft of the Froude pendulum is connected to an 

engine that rotates at an angular velocity. It fixed to bearing pivot which swings along 

the rotating shaft (Dai & Singh, 1998). 

Self--excited oscillations are produced due to the friction force between a 

rotating shaft and the bearing pivot of a Froude pendulum. The increasing amplitude 

of pendulum depends on damping force and frequency of rotation. This type of 

pendulum is different from the simple pendulum because of its complex three 

dimensional motion (Dai & Singh, 1998; Djidjeli el aI., 1996). 
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For simple pendulum, the motion occurred in a two dimension plane such that 

it does not swing into and out of the page. The actual form of a simple pendulum 

consists of a long bar suspended at the end of a string that support a small, massive 

bob. The simple pendulum body suspends from a fixed point so that it can swing 

under influence of gravity and under its own momentum (Wikipedia, 2008). 

1.4 Application of Froude pendulum 

(i) Hand Water Pump With Pendulum. 

Hand water pump with pendulum is a realization of a new and technically 

original solution for pumping water. The pumping works can be accomplished with 

less invested energy in the form of pushing of the pendulum. The pendulum generates 

about 12 times more output energy than the manual input energy required to keep the 

pendulum swinging. It seems that the pumping work can become easier, long-lasting 

and effortless if using hand water pump. Hence a user can pump out a 1200 liters of 

water per hour, without any fatigue and continue with the pumping (Milkovic, 2005). 

From Figure 1.1 and 1.2, hand water pump with a pendulum for pumping 

water consists of a cylinder (1) with a piston (2), lever system (3), a seesaw (4), a 

pendulum (5), a reservoir (6) and output water pipe (7) (Milkovic, 2005). 
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2 

~, ... 1,. 

. ~.J 'I...; 
r"" , 

1 

Figurel.1 The Structure Of Hand Water Pump With Pendulum 

(Milkovic, 2005). 

Figurel.2 Side View Of The Pump And The Position Of The Piston, 

Lever And The Pendulum During Operation Of The Pump 

(Milkovic, 2005). 
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In order to move the piston and lever vertical in the up-down direction, it can 

give the pendulum which is attached to the end of the lever system a push so that 

much less effort is needed to pump out water. The action of the hands is required to 

maintain the amplitude of the oscillation for a continuous intensity of water flow. The 

pump works well with all sizes of the pendulum, but the best performance is achieved 

with an amplitude of about 90°. Besides, the see-saw and the piston also oscillating 

together with the pendulum, the side with the piston should be heavier than the side 

with the pendulum. It is about 50% heavier than the centrifugal force of the pendulum 

when its swinging amplitude is 90° (Milkovic, 2005). 

To get the water coming out of the output pipe, the pendulum needs to be out 

of balance and should be occasionally pushed to maintain the amplitude of water. The 

power of gravitational potential is also used as driving power. With the gravitational 

potential, the piston will rise to the highest point and the pendulum passes through the 

bottom vertical position during the swinging. In these moments, the pendulum will 

overweigh on the see-saw position and in this phase the piston will push the 

continuous stream of water out of the output pipe (Milkovic, 2005). 
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The advantages of this new technically hand water pump compared to present 

hand pump are (Ecosustainable, 2006). 

i) needs the minimum of the effort, because it is only necessary to swing the 

pendulum and maintain the oscillation for several hours, without any 

fatigue. 

ii) Both elderly and children can use it because maintaining the oscillation of 

the pendulum is a easy work and it does not request any special training. 

So everyone can do it. 

iii) The pendulum can be a children's swing, so that useful work can also be 

done through their playing. 

ii) Pendulum Clock. 

A pendulum clock is a clock that uses a pendulum and a swinging weight to calculate 

the accuracy of time period. From its invention in 1656 by Christiaan Huygens until 

the t 930s, the pendulum clock can be considered as the world's most accurate 

timekeeper. Pendulum clocks must be stationary to operate; any motion or 

accelerations will affect the motion of the pendulum, causing inaccuracies, so other 

mechanisms must be used in portable timekeepers. They are now kept mostly for their 

decorative and antique value (Ventures, 2004). 
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